The Kaluza-Klein monopole has been recognized as a string background with significant nongeometric features: it must appear "localized" to winding strings to match the NS5-brane's localization on the T-dual circle. In this work, we explicitly construct this T-dual system in the doubled geometry formalism, which proves to successfully describe the duality despite a broken isometry on one side of the duality pair. We further suggest an extension of the doubled formalism to the gauged linear sigma models describing this system (both bosonic and supersymmetric) and show that previous calculations of worldsheet instanton effects are best understood in this doubled form. * jensens@alma.edu
I. INTRODUCTION
Most formulations of T-duality in string theory are based on the assumption that the full background must have an isometry: the metric, torsion, and dilaton must all be independent of the duality direction (e.g. [1, 2] ); the dual background necessarily has an isometry as well. This is a broad class of backgrounds, and the resulting duality web has taught us a great deal about the structure of string theory. However, there is considerable evidence that this story must be incomplete: requiring an isometry leaves unsatisfying gaps in the duality web, and even small perturbations seemingly render dualities invalid. But the tools available to study these cases are limited: among other issues, it is clear that the dual backgrounds cannot be interpreted geometrically in terms of a supergravity approximation.
The present discussion will focus on a specific example of such a relationship: the Tduality between the Kaluza-Klein monopole and the NS5-brane. It has long been known that the KK-monopole described by Gross and Perry [3] and by Sorkin [4] is a natural object in string theory. T-duality on its nontrivially fibered circle maps it to an H-monopole [5, 6] , understood as an NS5-brane smeared around the circle [7, 8] . (The T-duality of their worldvolume actions was considered in [9] .) However, the proper NS5-brane solution on a circle is localized at a point [7] that plays a significant role in the background geometry: strings with momentum around the circle would see a throat as they approached that position (at least when multiple NS5-branes are present). Based on the equivalence of physics across T-duality, Gregory, Harvey, and Moore argued that in string theory the Kaluza-Klein monopole solution should be modified as well [10] : in a proper KK-monopole, winding strings should be able to see a corresponding throat behavior.
This conjecture was verified by Harvey and the present author by studying worldsheet instanton corrections to a gauged linear sigma model for the usual Kaluza-Klein monopole [11] . The argument used closely paralleled Tong's work on localization of the NS5-brane [12] : instanton terms give corrections to the low energy effective action that can be interpreted as changes to the effective geometry of the solution. For the NS5-brane, this turns the smeared geometry into the known localized geometry. For the KK-monopole, the resulting solution is new and harder to interpret: it depends explicitly on the dual coordinate, and corresponds to localization in "winding space." However, the authors of [11] were unable to provide a mathematical formalism that could simultaneously describe a geometric coordinate and its (non-geometric) T-dual.
"Doubled geometry," as formulated by Hull [13, 14] , is precisely such a formalism. In it, the target space is enlarged: for each dimension where T-duality will act the dual dimension is added to the manifold, leading to an action in which T-duality is manifest. Constraints are then imposed to remove the extra degrees of freedom. Although most discussions of this formalism assume that all fields are independent of the duality coordinates, this does not appear to be a fundamental requirement. Dabholkar and Hull have shown how doubled geometry can describe the dependence on such coordinates that arises naturally when Tduality acts on backgrounds with fluxes [15] . In discussing their results, they comment that the "winding localized" KK-monopole is another such background.
The present work makes this realization of the Kaluza-Klein monopole in doubled geometry explicit. This provides the first full description of this object in string theory that includes the details of its localized behavior as seen by winding strings. It is surprising to find that such a familiar object requires a new formalism such as doubled geometry for its complete description, but the only alternative used previously was to attribute these features to a loosely characterized coherent state of winding modes in string field theory (as in [10] ). The success of the doubled formalism in reproducing previous results in this specific case provides further evidence that the formalism can give valuable insight in general backgrounds without isometries.
The plan of this paper is as follows. In section II A we review the geometries of the NS5-brane and the Kaluza-Klein monopole in both their smeared and localized forms, including a summary of previous results for the "winding localized" KK-monopole. In sections II B and II C we review the doubled geometry formalism and apply it to the KK-monopole/NS5-brane system, arguing that it remains consistent despite the broken isometry on one side of the duality. Section III extends the doubled formalism to both bosonic and supersymmetric gauged linear sigma models for these systems, leading in section III C to a brief review of the instanton calculation of [11] , which is clarified in this improved context. Finally, in section IV we discuss the implications of these results and directions for further study.
II. CONVENTIONAL AND DOUBLED MONOPOLE BACKGROUNDS
A. Conventional formulation
The NS5-brane background
The supergravity background associated with the NS5-brane has the same basic structure in both its smeared and localized forms. In the four dimensions where the fields are nontrivial the metric and torsion are given in the conventions of [11] by ds 2 = H(r, θ) dr · dr + dθ 2 and
Here, r = r m is a position in R 3 (m, n, . . . = 1, 2, 3), r µ also includes θ = r 4 with period 2π, and H(r, θ) is a harmonic function equal in the smeared and localized cases to
respectively. The dilaton is given by e Φ = H(r, θ) in either case. The localized harmonic function becomes smeared when averaged over θ or in the large r limit.
The torsion can be expressed in terms of a B-field as H = dB. In terms of spherical coordinates {r, ϑ, ϕ} for R 3 (note that ϑ = θ), one common gauge choice yields just two independent non-vanishing components of B:
In any gauge, after dimensional reduction the components B m4 form a vector potential ω in R 3 : ω m ≡ −2B m4 . In the smeared case (or at large r), the B-field components given above become simply
(1 − cos ϑ) and B rϕ = 0. The corresponding ω can be recognized as a magnetic monopole potential for H mnp (an H-monopole): the only non-zero component of ω is ω ϕ = −(1 − cos ϑ), so ∇ × ω = ∇(1/r). 1 Here and throughout, we correct a minor error of [11] by reversing the signs of B and ω m .
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The KK-monopole background
The Kaluza-Klein monopole was first derived as a solution of pure general relativity in five dimensions, described completely by the metric of Taub-NUT space (plus time) [3, 4] . In the same conventions used above, this can be written in terms of the (smeared) harmonic function H(r) as
the fourth coordinateθ = r 4 has periodicity 2π. (The torsion and dilaton vanish, as this is a pure gravity solution.) This solution is flat at the origin and has global topology R 4 : its local R 3 × S 1 structure is the Hopf fibration of S 1 over S 2 (times the radial coordinate R + ). After dimensional reduction alongθ, ω gives the vector potential of a magnetic monopole for the Kaluza-Klein gauge field: ∇ × ω = ∇(1/r), and in an appropriate gauge the only non-vanishing component is again ω ϕ = −(1 − cos ϑ).
In pure gravity, this is the full solution; there is no "localized" case analogous to the NS5-brane. When embedded in string theory, Sen showed that this solution gains a dyonic degree of freedom from a large gauge transformation [16] :
] is the self-dual harmonic 2-form of Taub-NUT space multiplied by a dyonic parameter β. This parameter provides the KK-monopole with the correct number of moduli, and when time dependent it can carry string winding charge. However, its only physical contribution is a phase: the solution still does not show any features corresponding to the NS5-brane throat.
Thus, the true T-dual to the (localized) NS5-brane must involve fields beyond the usual geometric content of supergravity. Gregory, Harvey, and Moore argued in [10] that from the perspective of string field theory this should involve a nontrivial background of winding modes. Some of these effects were computed explicitly by Harvey and the present author in [11] , where the leading corrections to the curvature and torsion for the localized KKmonopole solution were found in a worldsheet instanton calculation.
That calculation is reviewed in section III C, but it is useful to quote the results here. The instanton effects were interpreted as corrections to the target space curvature and used to deduce corrections to the metric and torsion. From that perspective, in the localized KKmonopole the first term in Eq. (4) becomes simply H(r, θ) dr · dr: the smeared harmonic function is replaced with the localized version. This is a highly unusual result, as the metric depends on the non-geometric coordinate θ from the T-dual space. Such a result has no meaning in conventional geometry, but as discussed in section III C it proves to be entirely appropriate in the context of doubled geometry.
The limits used in [11] precluded direct calculation of the other metric components, but it was conjectured there that the harmonic function (and ω) would experience corresponding changes throughout Eq. (4):
where ω here depends on θ and matches the result from the localized NS5-brane (that is, ω ϕ = 2r 2 (1−cos ϑ)∂ r H(r, θ) in the usual gauge). The other result of [11] was a non-vanishing torsion: in spherical coordinates, H rϑϕ = r 2 sin ϑ ∂ θ H(r, θ) with all other components zero in the relevant limits.
It is interesting to note that these results are precisely what one would obtain by naively applying the Buscher rules for T-duality [1] to the localized NS5-brane background despite the broken isometry around the θ-circle. This connection was not recognized in [11] , but as discussed in section II C the result arises naturally in the doubled geometry formalism. 
Nonlinear sigma models
With the exception of the localized KK-monopole, these backgrounds can be expressed in the usual manner as nonlinear sigma models on the string worldsheet. As usual, the action is S = 1 2π
2 σL where the bosonic terms of the Lagrangian take the form [17] 
, or as a Lagrangian density,
The relationship between form and component language serves to establish our conventions: σ a,b,... = τ, σ are coordinates on the worldsheet, η ab = (
is the flat worldsheet metric, and ǫ 01 = 1. The spacetime metric and B-field for each smeared solution indicate that these can each be viewed as an S 1 bundle over a base space with coordinates r m :
Including the KK-dyon mode in Eq. (8) simply requires adding the term β ǫ
. This term is a total derivative when β is constant, but even then it may be topologically significant.
B. The smeared KK-monopole/NS5-brane in doubled geometry
The doubled monopole action
Doubled geometry in its current form was introduced by Hull in [13] : by making the Tduality of string theory manifest one is able to describe non-geometric string backgrounds not accessible in conventional formulations. The search for a duality symmetric formulation of string theory has a long pedigree, including fundamental work by Duff [18] , Tseytlin [19, 20] , Maharana and Schwarz [21] , Siegel [22] , and others; Hull's approach is closely related to the formalism of Cremmer, Julia, Lu, and Pope [23] . In this section we summarize the essential features of Hull's doubled geometry by relating the specific example of the (smeared) KaluzaKlein monopole/NS5-brane system to the general formalism as expressed in [14] .
The central concept of doubled geometry is that the target space of the worldsheet action is enlarged to include not just the usual geometric coordinates but their duals as well. More precisely, if the conventional target space for some string background is a torus fibration T d (over some base) with d torus coordinates X i , the doubled space instead has fibers T 2d with 2d local coordinates X i and X i . To maintain the correct number of degrees of freedom, a constraint is imposed to essentially require half of the 2d torus coordinate fields to be left-moving and the other half to be right-moving. This doubled space can be related to a conventional description by choosing a "polarization" in each coordinate patch: a choice of which half of the T 2d coordinates are geometric and which are not. Different choices of polarization yield T-dual backgrounds.
We consider only the smeared KK-monopole/NS5-brane system, where there is just one torus coordinate (d = 1) over a base R 3 (suppressing the trivial R 5,1 ) and the doubled Lagrangian takes the form
(It is interesting to observe that here and throughout this work, the doubled Lagrangian is mathematically the mean of those for the two individual polarizations.) The self-duality constraint that enforces the proper number of degrees of freedom can be expressed as the vanishing of a conserved 1-form current J = H(r)
ω m dr m ) − * dθ, or in components,
We can see that J a is conserved using theθ field equation:
ω m ∂ a r m )] = 0. Thus, J a is the Noether current for the transformation δθ =α, plus a trivially conserved term (to be justified shortly). The constraint is then J a = 0.
The corresponding conserved current for the transformation δθ = α is
Conservation of J a results from the θ field equation:
Again, J a also includes a trivially conserved term, but this time the reason for including it is clear: it is part of the familiar combination (dθ + 1 2 ω · dr) and required for manifest KK gauge invariance. Also, once these terms are included J = H(r) * J, and thus J = 0 is equivalent to J = 0: it is possible to impose the self-duality constraint for the doubled geometry by forcing either current to vanish.
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The connection between this doubled action and the conventional formulations of the KK-monopole and NS5-brane comes when one chooses a polarization of the doubled space, identifying one of the fiber coordinates θ orθ as geometric and the other as a non-geometric dual. The constraint can then be used to eliminate (derivatives of) the dual coordinate from the action, which will reduce Eq. (9) to Eq. (7) or (8), respectively. The result is equivalent to the standard Buscher rules for T-duality [1] .
Imposing the constraint
Imposing the constraint by hand as described above makes its role clear, but this obscures the quantum effects of the choice of polarization. Instead, we impose the constraint within the action by gauging either the symmetry generated by J or that generated by J [14] . (Attempting to gauge both at once is inconsistent, essentially because the two constraints 2 This example can be expressed in the general formalism of doubled geometry with a single doubled coordinate. In the language of [13, 14] , the doubled Lagrangian is
The two fiber coordinates are collectively labeled X I = (θ,θ) with positive definite fiber metric H IJ and
gives the sigma model on the base space. The general form of the vanishing
For the case under consideration, are equivalent). The choice of which to gauge is equivalent to a choice of polarization: one coordinate's dynamics are completely absorbed into the gauge freedom. Gauging is accomplished through minimal coupling of the non-geometric coordinate to a gauge field C or C: dθ → dθ + C or dθ → dθ + C. The total Lagrangian will then be the sum of L d from Eq. (9), a topological term required for gauge invariance:
and one of the following gauge Lagrangian terms (with linear coupling to the conserved currents):
To see that the first gauging above does eliminate the non-geometric coordinate and reproduce the familiar sigma model for the NS5-brane, we simply change variables in the
This shows that the gauge field D a is a non-dynamical auxiliary field which at the classical level has no effect on the system. The rest of the Lagrangian is precisely that of the smeared NS5-brane background as given in Eq. (7).
This includes an auxiliary field term forD a , the KK-monopole Lagrangian of Eq. (8), and a purely topological term that depends on both the geometric coordinate and its dual. Although it is surprising to see the non-geometric coordinate θ still present in the action for a KK-monopole, the term where it appears is a total derivative and thus does not contribute to the classical equations of motion. We will see in section III A that an analogous term serves to preserve invariance of the KK-monopole action under large gauge transformations in the gauged linear sigma model formulation of this system.
Quantization and the dilaton
As discussed in [14] , the doubled theory can be quantized after gauging. Different choices of polarization lead to the same quantum theory, so the end result is independent of which gauge Lagrangian is used. Gauge fixing then completely eliminates the non-geometric coordinate (including winding modes). The required ghost integral is trivial, and the determinant from integrating out the auxiliary field changes the functional measure for the base-space coordinates due to its dependence on the harmonic function H(r) from the spacetime metric.
When we allow a curved worldsheet metric h ab to replace η ab , we must also include the dilaton coupling
Here, R is the Ricci scalar on the worldsheet and φ is a scalar field on the doubled space
The change in functional measure from integrating over the auxiliary field D a for the NS5-brane or D a for the KK-monopole gives a contribution at one loop corresponding to a shift in φ. In the coupling of Eq. (17), φ is replaced by either
respectively. This matches the usual one loop T-duality transformation of the dilaton Φ and is consistent with the known dilaton background in each case as long as the doubled space dilaton is
C. The localized KK-monopole/NS5-brane in doubled geometry Doubled geometry was initially formulated only for the case of torus bundles: in particular, all fields are assumed to be independent of the coordinates on T 2d . However, there has been some progress in relaxing that constraint (see for example the discussion of "doubled everything" in [14] , much of [15] , and "compactifications with R-flux" in [24] ), so it is interesting to ask how the localized NS5-brane and KK-monopole could be embedded in the doubled formalism.
Based on the known and conjectured background fields given in section II A for the two localized cases, the natural conjecture for the doubled Lagrangian is:
The non-vanishing components of the antisymmetric terms can be found explicitly (for the usual gauge) in Eq. (3): ω ϕ = 2r 2 (1 − cos ϑ)∂ r H(r, θ) and B rϕ = −r 2 (1 − cos ϑ)∂ θ H(r, θ). The dilaton coupling may also be present as in Eq. (17) , and the natural conjecture for the form of the scalar field is φ = log H(r, θ). The current corresponding to shifts δθ =α is
It is conserved just as in the smeared case, even though there is no longer a conserved current J corresponding to shifts in θ. This implies that it is still consistent to impose the constraint 8 J a = 0 by gauging the corresponding symmetry. The algebra involved is formally identical to that in the previous section, leading to
Apart from the auxiliary field term this is exactly the worldsheet Lagrangian for the localized NS5-brane. Given the doubled space dilaton background φ conjectured above, the same methods for quantization of the doubled theory with this choice of polarization reproduce the conventional treatment of the NS5-brane. This procedure suggests that the doubled theory remains well-defined at the quantum level. Although it was necessary to choose a specific polarization to obtain this result, it seems reasonable to interpret it as a correct quantum description of the full doubled theory as in other examples from doubled geometry. Because we cannot gauge J in the localized case, these methods are not applicable to the opposite choice of polarization withθ as the physical coordinate. This is not a surprise: the "localization" of the Kaluza-Klein monopole solution is invisible from the standpoint of conventional geometry and thus we would not expect to find a consistent reduction of the complete physics in that language. (Other approaches to quantization of the doubled theory do not require a choice of polarization [25] [26] [27] [28] , but it is not clear how to generalize them in the absence of an isometry.) However, at the classical level it is possible to use the valid constraint J a = 0 to make contact with the results of [11] for the KK-monopole case. As suggested in [24] , even if it is not possible to completely eliminate the non-geometric coordinate θ from the Lagrangian it is at least possible to hide the dynamics resulting from ∂ a θ:
The topological term depending on ∂ a θ is still present in this Lagrangian just as in the smeared case (Eq. (16)), but as noted there it does not contribute to the equations of motion and thus has no impact on the classical system. This Lagrangian is entirely consistent with the worldsheet instanton results of [11] . This result implies the following complete background for the "winding localized" KaluzaKlein monopole in the usual gauge:
with all other independent B mn zero. This is precisely the solution one would obtain by naive application of the Buscher rules for T-duality to the localized NS5-brane background given in Eqs. (1) and (3). The Buscher rules have not generally been considered applicable when the background fields depend on the duality coordinate: not only does this violate the assumptions under which they were derived, but the resulting dual fields retain their dependence on that coordinate even though it is no longer geometrically relevant. While ∂ a θ does not appear in the action above, it is still not appropriate to view θ as a constant. Indeed, the solution (25) is essentially meaningless in conventional geometry, and as discussed in section IV pointlike probes are not sensitive to the resulting changes. Describing the system in this form may give insight into the physics of the Kaluza-Klein monopole winding mode background, but it seems likely that these issues will make direct quantization impossible for this polarization. Instead, any discussion of the complete Kaluza-Klein monopole solution including its winding mode background should be formulated in the language of doubled geometry.
III. GAUGED LINEAR SIGMA MODELS AND THE DOUBLED FORMALISM
One of the most surprising aspects of the results above is that the instanton calculation of [11] , which was based on a conventional formulation of the Kaluza-Klein monopole action, led to a result that could only be properly understood in the context of doubled geometry. Below, we summarize that calculation and the earlier NS5-brane calculation of [12] .
We first briefly review the bosonic gauged linear sigma model (GLSM) formulations of the NS5-brane and KK-monopole backgrounds and show how that formalism can be naturally extended to a doubled form. We then do the same for the models' natural N = (4, 4) supersymmetric extensions. Finally, we discuss the impact of worldsheet instantons and argue that earlier calculations are unchanged in the doubled picture and indeed may be best understood in that context. Throughout this section, the conventions used are those of [11] (with minor exceptions 3 ).
A. Bosonic gauged linear sigma models for monopoles
Conventional gauged linear sigma models
The (smeared) NS5-brane background can be viewed as the low energy limit of a gauged linear sigma model on the worldsheet with the Lagrangian
Here, the worldsheet coordinates are σ a (not x µ as in [11] ), A a is an abelian gauge field with field strength F ab , θ and the r m are uncharged scalar fields, and q andq are oppositely charged scalars with covariant derivatives D a q = ∂ a q + iA a q and D aq = ∂ aq − iA aq .
The gauge coupling e is the only dimensionful parameter in the Lagrangian, so the low energy limit corresponds to e → ∞. In this limit the gauge kinetic term vanishes leaving A a as an auxiliary field, and both of the potential terms on the second line of Eq. (26) must be zero in any finite energy solution. This constraint allows us to express the four real degrees of freedom in q andq in terms of the r m and the phase α of q:
As before, r = (r m ) 2 , so |q| 2 + |q| 2 = r. Under a gauge transformation A a → A a + ∂ a λ the field q transforms as q → e −iλ q, so α → α − λ. When it is necessary to make an explicit choice of gauge, we will require real q > 0: this corresponds to α = 0.
In the context of these low energy constraints, the target space vector ω m is defined implicitly by
. Fixing a gauge and integrating out the auxiliary vector leads to the additional relation A a = −(∂ a
ǫ ab ∂ b θ). Substituting these into the Lagrangian yields precisely the nonlinear sigma model for the smeared NS5-brane in Eq. (7) (up to unimportant total derivatives). In α = 0 gauge the explicit form of Eq. (27) 
The gauged linear sigma model Lagrangian for the T-dual KK-monopole background is:
The final term is a total derivative, but boundary terms are topologically significant in the instanton calculation outlined in section III C. As before, it is unusual to see the dual field θ appear here, especially in a term that can lead to physically significant results. This is an indication that this calculation is best analyzed in a doubled formalism. For Eq. (28) to be gauge invariant, the gauge transformation of γ must be a simple shift: when A a → A a + ∂ a λ then γ → γ + λ. This suggests a natural gauge invariant combination of real scalarsθ
which acts as the fourth coordinate field. The term ǫ ab ∂ a θ∂ b γ in Eq. (28) ensures that the action is invariant even under large gauge transformations of A a for which the total derivative is significant.
Taking the low energy limit of this Lagrangian leads to the same constraints as in the NS5-brane case above. This time, the A a equation of motion gives A a = ∂ a γ − 
. The first term is precisely the KK-dyon B-field with θ as the dyonic parameter. The second mixes in dynamics of the non-geometric coordinate which makes its interpretation unclear; this could be an artifact of the procedure used in deriving this duality, or it may be that a nonconstant dyonic coordinate can only be properly understood within the doubled formalism. (It is interesting that the KK-dyon term arises naturally in this GLSM description of the system: when deriving the KK-monopole action from duality of an NSLM as in section II, it is necessary to add it by hand.) 4 This GLSM can be found from Eq. (26) by writing its θ-dependent terms in first order form. First write L in terms of ∂θ, keeping total derivatives:
Then replace ∂ a θ with a vector field C a and add a Lagrange multiplier γ:
The final term (a total derivative) ensures that this action reduces precisely to L θ when γ is integrated out: the γ equation of motion forces C a to be pure gauge, C a = ∂ a θ, and the γ terms cancel. Including this term also makes L C manifestly gauge invariant when written in terms of (∂ a γ − A a ). Integrating out C a instead of γ produces the γ-dependent terms in Eq. (28).
Doubled formulation of the gauged linear sigma model
Because these gauged linear sigma models can be written in forms that have no dependence on either θ or γ undifferentiated, they are reminiscent of the smeared monopoles' nonlinear sigma models and it is natural to ask how this could be promoted to a doubled formalism. (It may be premature to refer to this as doubled geometry, since the GLSM does not have an immediate geometric interpretation.) Just as in the nonlinear sigma model, the terms that do not involve ∂ a θ or ∂ a γ are merely spectators in the mathematics of the doubled fields. The natural conjecture for a doubled GLSM is:
To relate this to the previous GLSMs it is necessary to choose a polarization and eliminate the non-physical coordinate by gauging as in section II B. The calculations involved for this GLSM are almost identical to the smeared monopole case treated there, with −A a substituted for (12)) is already present in the GLSM: as we have seen, it arose naturally as a total derivative term.
Depending on choice of polarization, the end result is exactly the GLSM (26) for the NS5-brane plus the decoupled auxiliary term − 
Review of conventional calculations
Instanton calculations such as those of [11, 12] require the full N = (4, 4) supersymmetric forms of these gauged linear sigma models, so we briefly review them before conjecturing an appropriate doubled form. We will write the N = (4, 4) supermultiplets as pairs of N = (2, 2) superfields (see [29] for a review of this formalism). The defining components of each supermultiplet are given below; more details on the notation can be found in the references.
The actions for both the NS5-brane and the KK-monopole include a N = (4, 4) vector multiplet, which decomposes into an N = (2, 2) chiral superfield Φ and vector superfield V :
The vector superfield is written in Wess-Zumino gauge and we have defined A ± ≡ A 0 ± A 1 ; its gauge transformations are given by V → V + i(Λ − Λ † ) for arbitrary chiral superfield Λ. Σ is a gauge invariant twisted chiral superfield containing the field strength F 01 . The components of fermion doublets are labeled as λ α = (λ − , λ + ).
Both actions also include a charged hypermultiplet that decomposes into oppositely charged chiral superfields Q and Q:
The NS5-brane action includes a twisted hypermultiplet that decomposes into a chiral superfield Ψ and a twisted chiral superfield Θ:
This twisted hypermultiplet is exchanged under T-duality with the hypermultiplet of the Kaluza-Klein monopole; its two chiral multiplets Ψ ′ and Γ are:
The primed fields in Eq. (34) are exchanged with the corresponding unprimed fields in Eq. (33) under T-duality (except for G ′ ). Generalizing the bosonic case of Eq. (28), gauge invariance of the action will require Γ to transform by a simple shift:
The supersymmetric gauged linear sigma model action for the NS5-brane is the sum of the following Lagrangian terms (plus complex conjugates of the F and F terms): 
The final term is the same topologically significant total derivative that appeared in Eq. (28) . After integrating out auxiliary fields, the component expansion of Eq. (35) has bosonic part identical to Eq. (26) from the previous section plus terms involving the vector multiplet scalars. In the low energy limit those scalars are auxiliary fields and are integrated out with the rest of the vector multiplet. The full component expansion including fermions is given in [11] ; it is very similar to the expansion given below for the doubled case, so we will not repeat it here.
The component action at low energy can be understood geometrically in terms of the real scalars r µ = {r 1 , r 2 , r 3 , θ} and their real superpartners Ω µ . The general supersymmetric nonlinear sigma model Lagrangian is [17] :
where in this case G µν and B µν correspond to the smeared NS5-brane solution. In the conventions used in this equation (only),
, where D ± a is the covariant derivative defined with positive or negative torsion, respectively. R µνρλ is the Riemann tensor defined with positive torsion.
As derived in [11] (via a supersymmetric generalization of the first order form method in section III A 1), the T-dual supersymmetric gauged linear sigma model action for the Kaluza-Klein monopole is the sum of the following Lagrangian terms:
The topological term involving θ also appeared in the bosonic case; here, its origin can be traced to Eq. (36) . As in the NS5-brane case, the component form of this action agrees with the bosonic terms in Eq. (28) plus vector multiplet scalar terms. When interpreting the low energy limit, it is important to write the action entirely in terms of the gauge invariant scalar r 4 =θ ≡ γ + α and its gauge invariant superpartner Ω 4 : the superpartner of the component scalar γ has more complicated supersymmetry transformations because Wess-Zumino gauge is not naturally preserved for gauge-variant objects. The end result is again of the form in Eq. (37) with the conventional background for the KK-monopole.
A doubled supersymmetric GLSM for monopoles
The doubled bosonic GLSM discussed in section III A has a natural extension to the N = (4, 4) case considered here. However, simply doubling the fiber coordinate would not preserve supersymmetry: the full (4,4) (twisted) hypermultiplet must be doubled, including components corresponding to coordinates on the base. This is reminiscent of the "doubled everything" discussion in [14] . As in the previous examples, the appropriate doubled Lagrangian is the mean of those corresponding to the two choices of polarization:
Here, the L F terms from the NS5-brane GLSM have been rewritten as L Θ-V from Eq. (36).
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Just as we found in the bosonic case, this already includes the topological term from the doubled formalism. This system inherits full N = (4, 4) supersymmetry from the NS5-brane and KK-monopole GLSMs since it is simply a sum of the two. After integrating out the auxiliary fields, the component action can be written as the sum of kinetic, scalar potential, and "Yukawa" parts, plus a mixing term left over from
The kinetic term reads:
In the fermion kinetic terms, ∂ ± ≡ ∂ 0 ± ∂ 1 ; the covariant derivatives of the charged hypermultiplet components were defined below Eq. (26) . It is helpful to define average and relative combinations of the doubled components:
and similarly forχ avg andχ rel . The r m kinetic terms then take the form
6 As in Eq. (36), gauge invariance is not manifest after this replacement. This could be naturally addressed in the doubled formalism by adding and subtracting a term mixing Θ and Γ, as superfields and in components:
The χ-χ ′ fermion kinetic terms split into average and relative parts in the same way. After integrating out the auxiliary fields, the scalar potential reads: 
The relative coordinates r m rel decouple in all interactions. The final term of the equation above includes contributions from L d,top ; the remainder of the topological term gives a cross term mixing the doubled coordinates:
Finally, the fermion interactions are contained in the "Yukawa" term (which also includes several two-fermion interactions):
As in the scalar potential, only the χ avg fields appear in interactions: the χ rel fields decouple. The bosonic part of this complete action reduces precisely to the doubled bosonic GLSM of Eq. (30) after replacing r m avg → r m and dropping the (decoupled) r m rel kinetic term and terms involving the vector multiplet scalars. This action as a whole is nearly identical to the component actions for the NS5-brane and KK-monopole; apart from the decoupled relative kinetic terms (and r m avg → r m ), only the terms involving θ or γ differ between the three.
To relate this to the GLSM for the NS5-brane by imposing a constraint between the doubled fields, we can generalize the procedure of sections II B 2 and III A 2 by adding a (non-dynamical) N = (4, 4) vector multiplet to gauge away the dynamics of γ and the other components of the Ψ ′ -Γ hypermultiplet. At the N = (2, 2) superfield level, the gauge terms added to the overall Lagrangian depend on an auxiliary vector superfield B and its accompanying chiral superfield P (and conjugate P † ):
The superfield P acts as a Lagrange multiplier, forcing Ψ = Ψ ′ ; at the component level this equates all the components of Ψ with the corresponding primed components of Ψ ′ .
Supersymmetric gauge transformations of B absorb any difference between the components of Θ and the corresponding primed components of Γ. Finally, the vector field component of B acts precisely as the gauge field C a in section II B 2: its gauge transformations absorb the dynamics of γ. This is explicit at the superfield level with a field redefinition reminiscent of the one in that earlier section. Defining a vector superfield
, its square absorbs the gauge terms and many terms from the action:
Then up to unimportant total derivative terms, the D terms can be written as
, and the doubled F term reduces to the NS5-brane F-term due to the P equation of motion. Thus, the doubled GLSM plus this choice of gauge terms is equivalent to the NS5-brane GLSM of Eq. (35), plus the decoupled auxiliary superfield.
The steps to relate the doubled GLSM to that of the KK-monopole by gauging away the dynamics of θ and the other Ψ-Θ components are remarkably similar. Formally, the only change is to subtract the terms of Eq. (46) from the doubled action rather than adding them.
, and the doubled F term reduces appropriately as well: the doubled GLSM with these gauge terms is equivalent to the KKmonopole GLSM of Eq. (38) plus the decoupled auxiliary superfield.
The one subtlety in this case is that for the vector superfield B to correctly gauge away the dynamics of θ and the other components of the twisted chiral superfield Θ, its gauge transformations B → B + i(Λ − Λ † ) must take Λ to likewise be a twisted chiral superfield rather than a chiral one as usual. This in turn implies minor changes to the interpretation and relationships of some vector multiplet components. It would be interesting to understand how such an object's behavior would differ from that of a usual vector multiplet. But in this case, B appears only as a non-dynamical auxiliary field and this non-standard gauging has no effect on the remainder of the calculation.
C. Instanton corrections and localization
Although the calculations above seem at first to show that these gauged linear sigma models describe only the smeared versions of the NS5-brane and KK-monopole, this understanding is incomplete. For both the NS5-brane [12] and the KK-monopole [11] , a sum over worldsheet instantons in the GLSM yields corrections to the low energy effective action. These corrections are expected in multiple terms of the action, but here we consider only their effect on the four-fermion term. As can be seen from Eq. (37), corrections to this term can be interpreted as modifying the target space curvature in the low energy limit.
Surprisingly, the relevant terms in the doubled GLSM are precisely the same as in those earlier calculations, meaning that the instanton calculation and its results are also formally identical (though of course the interpretation must be adjusted to fit this new context). In fact, in the doubled formalism the calculation clarifies an ambiguity in the KK-monopole calculation of [11] , suggesting once again that the doubled picture is the proper context for understanding this background. Because of the similarity between this calculation and the previous work in the references, the discussion below will simply summarize the key computational steps while making note of subtleties associated with this doubled context.
Setting up the instanton calculation
In a gauged linear sigma model, worldsheet instantons correspond to vortices of the gauge field, counted by a line integral of A a at infinity or equivalently by
The target space of this GLSM (with one unit of monopole charge) does not contain any holomorphic two-cycles, so no worldsheet instantons from holomorphic embeddings of the worldsheet are present. (The T 2 parametrized by θ and γ does not provide such an embedding because it cannot be viewed as a complex manifold: the constraint from the doubled formalism cuts the degrees of freedom of its coordinates in half.) Instead, the instantons appearing here correspond to the "point-like instantons" of [29] : they are smooth solutions of the underlying GLSM but appear singular in the effective low energy theory.
The first step toward finding the instanton sum is to compute the bosonic action in each instanton sector k, based on the bosonic terms in the doubled GLSM action from Eqs. (40)- (44). This calculation begins with the choice of a classical solution to represent each instanton sector. Strictly speaking, this approach is not valid in 1+1 dimensions: the lack of symmetry breaking implied by the Mermin-Wagner-Coleman theorem [30, 31] means that the language of classical vacua and moduli spaces does not apply. In particular, there are no finite action solutions of the equations of motion in this system that satisfy the vortex boundary conditions.
To deal with this difficulty, we apply a version of the "constrained instantons" method [32] . The calculation is performed in the limit of vanishing Taub-NUT radius (g → 0) where BPS solutions exist, and supersymmetry protects the result when that limit is relaxed. Because the instanton corrections are finite even in the strict g → 0 limit, this procedure gives a meaningful contribution to the low energy action.
Working in that framework, we begin as planned by choosing a specific classical vacuum for the instanton solutions to approach at large distance. The potential terms in the action imply that φ = σ = 0 in all vacua. The R-symmetry of the action allows us to specialize to the caseq = 0 without loss of generality, at which point the potential also requires r 1 avg = r 2 avg = 0 and |q| 2 = r 3 avg = ζ (where ζ is a constant parametrizing the vacuum). Only the independent bosonic variations about this chosen vacuum that could affect the gauge field A a are significant for the instanton calculation, so we truncate to that set. After a Wick rotation to Euclidean space (taking σ 2 ≡ iσ 0 ) the truncated action reads
When g → 0, the γ kinetic term drops out entirely, while variations in θ and r 3 avg are completely frozen out (even when variations in q make |q| 2 = ζ). Thus, all terms involving derivatives of θ drop from the action: the doubled formalism explicitly justifies the assumption in [11] that θ can be treated as be constant. Thus, the relevant terms in the instanton action are
This is identical to the bosonic action found previously for both the NS5-brane and KKmonopole: the abelian Higgs model action at critical coupling plus a θ term. The fermionic terms relevant in this limit are identical to those in previous treatments as well.
Because the actions relevant to the instanton calculation are precisely the same in all three cases, those earlier calculations follow through immediately here. Completing the square in the bosonic action and minimizing the action in each instanton sector yields a set of first order Bogomol'nyi equations for the vortex solutions:
When these equations are satisfied, the action reduces to S = i 2π
, which integrates to give constants times the instanton number k. After selecting the ± sign to give the tightest bound on the real part of the action (depending on the sign of k), the resulting path integral factor e iS in each instanton sector k can be written as e −S k , with
Corrections to the four-fermion term
A complete sum over instanton configurations consists of a discrete sum over sectors k and an integral over the zero modes within each sector. The references provide the details of this calculation, which are entirely unchanged here: identifying bosonic and fermionic zero modes to find the proper measure for the integral, finding how the instanton action is modified due to interference between fermion zero modes, and determining the asymptotic behavior of the zero mode solutions themselves.
As in the previous work on the NS5-brane and KK-monopole systems individually, the most straightforward way to understand the impact of the instanton sum on the geometry is to compute its effect on the effective four-fermion interaction at low energy. The kinstanton contribution to the ψ 4 correlation function for k > 0 is G
(or for k < 0, the conjugate). The total modification to the four-fermion term in the low energy action is then − k G (k) 4 (where the minus sign appears after Wick rotation back to the Lorentzian worldsheet).
As found in [11, 12] , the result of this calculation is an additional ψ 4 contribution to the low energy effective action:
where r has been restored in place of the vacuum parameter ζ, and ν(M k ) is a specific integral over the moduli space of the relative positions of k vortices whose value can be determined by comparison to the known supergravity result for the localized NS5-brane [12] .
Those references show that for the individual monopole actions, this additional ψ 4 contribution is related in the low energy limit to a χ 4 term, which can in turn be related to a sum of terms quadratic in the real fermions Ω µ ± that appear in the nonlinear sigma model action of Eq. (37) . As previously discussed, for the NS5-brane case these terms change the (Ω) 4 terms in that action to match the Riemann tensor of the known localized NS5-brane background at large r (and keeping only leading order terms in g). For the KK-monopole case, the changes to the effective Riemann tensor are consistent with the localized metric given in Eq. (5) and the torsion that immediately follows it.
The doubled GLSM formalism presented here relates all these results in a natural way. The contribution to the effective ψ 4 interaction from worldsheet instantons is present in the doubled picture, but it does not initially have clear geometric significance: its impact on the target space Riemann tensor can only be determined after a choice of polarization allows a geometric interpretation of the action. Once a polarization is chosen, the low energy background fields (including the instanton corrections depending on θ) are related by the standard Buscher rules as the doubled formalism requires.
IV. CONCLUSIONS A. Overview of results
The Kaluza-Klein monopole/NS5-brane system provides a valuable example of the doubled geometry formalism for symmetric treatment of T-dual string backgrounds. In its smeared approximation this system can act as a simple but nontrivial illustration of the formalism, but the true localized solution is more important: it is an example of a familiar system that cannot be fully described in a conventional formulation. The need in this case for a formalism based on a symmetric treatment of the geometric coordinate and its nongeometric dual was explicitly recognized by Harvey and the present author in [11] , where the form of the localized KK-monopole background was first partially computed. That work explicitly asserted that the KK-monopole's "winding space coordinate" θ (the Fourier dual to string winding charge) could only contribute the necessary features to the solution if it were a dynamical worldsheet field. The incompatibility of this assertion with a conventional formalism may have made it natural to doubt that conclusion [33] , but the success of the present doubled geometry analysis confirms that this is the correct description of the system. Despite the broken S 1 isometry of the NS5-brane background, the doubled picture appears to be a complete and consistent description of both sides of the T-dual pair. While it is perhaps surprising to find that the Buscher rules apply even in this case, they arise very generally in the doubled formalism and their result is entirely consistent with the earlier calculation of worldsheet instanton corrections in [11] . The geometrical insight provided by doubled geometry may prove to be a more fruitful way of understanding this and similar systems than was possible when [10] described the effects simply as a coherent state of classical string winding modes in string field theory or in earlier treatments of winding mode expansions in T-duality such as [34, 35] . It would be interesting to make the relationship between these descriptions more precise.
Extending the doubled formalism from the usual nonlinear sigma models which have a direct geometrical interpretation to gauged linear sigma models which do not broadens its potential applications. This mathematical structure is consistent at least at the classical level in both the bosonic and supersymmetric models. The success of the worldsheet instanton calculation when starting from the doubled GLSM action gives good reason to believe that this method is valid. As noted previously, it provides the missing justification for assuming θ is constant in the instanton calculation of [11] , and of course doubled geometry is required for a sensible interpretation of that calculation's results.
B. Interpretation and future directions
The perspective of this work, as in [11, 12] , is that the localized versions of the NS5-brane and Kaluza-Klein monopole are the "true" descriptions of those objects in string theory: only they show the expected "throat" behavior near the monopole cores, and only they can be properly associated with 2D QFTs. If one attempts to formulate string theory on the smeared backgrounds, worldsheet instantons are sensitive to the physics that requires this localization and their contributions will fill in the corresponding low energy effects.
It is interesting to ask how the Kaluza-Klein dyon collective coordinate relates to this doubled picture. As considered by Sen [16] and by Gregory, Harvey, and Moore [10] , the dyon coordinate is a zero-energy gauge deformation of the standard Taub-NUT supergravity background. Taken as a constant parameter, its only contribution to the action is an overall phase, although a time-dependent value does allow the monopole to carry Kaluza-Klein electric charge. As shown in [11] , the Buscher rules map the KK-dyon coordinate to a shift in the (smeared) NS5-brane's θ coordinate. In the doubled picture, the field θ in the KKmonopole solution naturally plays precisely the role of the dyon parameter (as discussed at the end of section III A 1): constant shifts in θ have zero energy and its momentum carries KK electric charge. The difference is that here, the significance of the classical background of string winding modes is explicit as part of the doubled geometry. Thus, the manner in which shifts in θ lead to physically distinct configurations is made clear.
A natural concern when considering corrections to a well-known string background like the KK-monopole is why they have not been observed in previous studies of the system. After all, the localized form of the KK-monopole metric in Eq. (5) has a distinctly different r dependence near the monopole core and its torsion is non-zero. Even if one considers only conventional geometry, shouldn't probes near that point be sensitive to these changes? How have they escaped detection?
To understand this, it is instructive to consider a specific example. In [36] , Witten derives the standard Taub-NUT background metric as the T-dual of a (localized) NS5-brane by computing the moduli space of an intersecting brane configuration. Considering only the R 3 × S 1 of interest in the NS5-brane geometry, a D3-brane is taken to wrap S 1 but sits at a point in R 3 . T-duality leaves the moduli space unchanged but converts the D3-brane to a D2-brane localized on the dual S 1 . Because the moduli space of a localized D-brane is simply its position, the relevant portion of the moduli space is precisely equal to the T-dual geometry, and the result of the calculation yields the Taub-NUT metric (with the dyonic B-field mode arising topologically). The geometry obtained appears to mach the "smeared" KK-monopole, with no trace of the corrections analyzed here.
The resolution of this puzzle is straightforward: a probe localized on the KK-monopole S 1 (like Witten's D2-brane) has by definition exactly zero string winding charge. Because winding charge is Fourier dual to the non-geometric coordinate θ, the probe is therefore entirely delocalized in that direction and will be sensitive only to the (doubled) geometry as averaged over θ. This averaging reproduces precisely the Taub-NUT metric and zero torsion. One would expect that for a D-brane instead wrapped around this S 1 , Wilson lines of the gauge field will act as coherent states of string winding modes with no definite winding number but corresponding to specific values of θ. Thus, it is entirely reasonable that pointlike probes of the system would be sensitive only to the conventional geometry, averaging over any dependence on the non-geometric coordinate.
There are several natural extensions to this work. First, the evidence here suggests that the doubled formalism can be sensibly used to study T-duality even in the absence of an isometry, so there may be new insights to be gained by applying it to other known backgrounds localized on a circle. As in the present case, this would be unlikely to reveal any entirely unexpected physics, but it may bring greater clarity to those portions of the duality web. The biggest open question in these cases is quantization: for the formalism to be self-contained it would be helpful to be able to quantize the doubled theory without first choosing a polarization, and that ability will be absolutely essential for any treatment of generic string backgrounds with nontrivial dependence on both θ andθ. The doubled GLSM methods employed here may also prove to be valuable for understanding a wider range of systems, but it would be highly desirable to have a rigorous mathematical understanding of the domain of validity of this approach.
Just as it provides a useful system for exploring the doubled geometry formalism in string theory, the KK-monopole/NS5-brane system may also prove to be an interesting background for the study of "double field theory" as developed in [37] [38] [39] and related work. This field theory corresponds to the massless sector of closed string field theory with dependence on both momentum and winding modes, and it is defined on the same doubled torus introduced in doubled geometry. Thus, it can be viewed as the extension of Einstein gravity (coupled to a two-form and dilaton) to allow dependence on both position and "winding space" coordinates. This is precisely the right context in which to discuss the localized KKmonopole/NS5-brane background, which could provide a valuable example and test case in formulating double field theory for non-flat spaces.
